oo 

o 

O 
(N 

-)— » 
o 

O 

00 



Oh 
I 



en 
> 

m 
in 

o 

i> 

o 

oo 

O 



% 



Dependence of the decoherence of polarization states in phase-damping channels on 

the frequency spectrum envelope of photons 

Yan-Xiao Gong|j Yong-Sheng Zhang|j Yu-Li Dong, Xiao-Ling Niu, Yun-Feng Huang|f| and Guang-Can Guo 

Key Laboratory of Quantum Information, University of Science and Technology of China, 

CAS, Hefei, 230026, People's Republic of China 

We consider the decoherence of photons suffering in phase-damping channels. By exploring the 
evolutions of single-photon polarization states and two-photon polarization-entangled states, we find 
that different frequency spectrum envelopes of photons induce different decoherence processes. A 
white frequency spectrum can lead the decoherence to an ideal Markovian process. Some color 
frequency spectrums can induce asymptotical decoherence, while, some other color frequency spec- 
trums can make coherence vanish periodically with variable revival amplitudes. These behaviors 
result from the non-Markovian efi'ects on the decoherence process, which may give rise to a revival 
of coherence after complete decoherence. 

PACS numbers: 03.65.Yz, 03.67.Mn, 03.67.Hk 



I. INTRODUCTION 

Photons have been widely apphed in quantum telepor- 
tation [ij, quantum dense coding [2],j3uantum cryptog- 
raphy [3], and quantum computing 4]. Among these, 
information can be encoded in any of the degrees of 
freedom (DOF) of photons, such as polarization, fre- 
quency, momentum angular, path, or energy time. If 
we only consider the quantum state in some of the 
DOF, the other DOF can be regarded as "environment" 
i, S S i, i, [M HH, 113, [S El- In this context, cou- 
pling between different DOF would destroy the coherence 
of the quantum state considered, leading to decoherence 
effects, which limit the practical implementation of quan- 
tum information processing [15]. 

In this paper, we consider a non-dissipative coupling 
between photon frequency and polarization in a birefrin- 
gent media, resulting in decoherence of polarization due 
to different group velocities for two orthogonal polar- 
ization modes. Coupling between these two DOF has 
been widely studied in many optical experiments, es- 
pecially in the field of polarization mode dispersion in 
optical fibers [1^, [l^- Here we simply focus on the 
phase-damping channels composed of birefringent crys- 
tals with fixed optic axes. As this decoherence can be 
easily controlled by rotating the optic axes or changing 
the length of birefringent crystals, it has been widely uti- 
lized in the experimental research on quantum decoher- 
ence dynamics of photons, such as verifying decoherence- 
free space d, [MB, characterizing entangled mixed states 
[a, H [lO, [ill- Therefore, it is intuitive and reasonable 
to investigate the dependence of the decoherence process 
in this model on the spectrum envelopes of the "environ- 
ment" , namely, the frequency spectrum envelopes (FSEs) 
of photons. 
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The aim of this paper is to address this point by ex- 
ploring the behaviors of normalized linear entropy 18] of 
single- and two-photon polarization states, and concur- 
rence [191, 120] of two-photon polarization states. We find 
that the behaviors of these quantities against the length 
of birefringent crystals depend on the photon spectrum 
forms. If the FSE is an ideal white spectrum, the deco- 
herence is Markovian. However, any color spectrums re- 
sult in non-Markovian decoherence processes. In partic- 
ular, some FSEs lead to asymptotical decoherence, while, 
some FSEs induce coherence to vanish periodically with 
variable revival amplitudes. 

Recently, much interest has arisen in the roles of non- 
Markovian effects played on quantum states evolution 
11, 22,^, 24,^,^, 2:^,[2i,[2a,[33,[3l|,[32. The "mem- 
ory effects" of the non-Markovian reservoir can preserve 
the coherent information of the quantum system dur- 
ing its relaxation time. To show this effect, we obtain 
the time correlation functions corresponding to differ- 
ent spectrum functions. The correlation function gets a 
delta-function form when the wave-packet takes the white 
spectrum, namely the flat spectrum. So in this case, the 
decoherence is Markovian. If the wave-packet takes non- 
flat spectrum, the correlation function is a non-trivial 
function of time, and this behavior can lead a typical 
non-Markovian effect. Our results then open the door to 
experimental investigations of the non-Markovian deco- 
herence processes. Moreover, our results on the dynam- 
ics of two-photon entanglement, present a possible way 
to experimental research on entanglement sudden death 
[iJ, ll^, H, [33] and recovering entanglement after com- 
plete disentanglement. 

The rest of our paper is organized as follows. In 
the next section, we consider the decoherence of single- 
polarization states and show the effects of FSEs on the 
decoherence process by giving several examples of FSEs. 
In Sec, mil we investigate the roles of FSEs played on the 
evolution of two-photon polarization entangled states, 
through behaviors of linear entropy and concurrence with 
some examples of FSEs. In Sec. IIVI we conclude and 



discuss the experimental feasibility of our results with 
present photon sources. 



II. DECOHERENCE OF SINGLE-PHOTON 
POLARIZATION STATES 

We first review the evolution of pure single-photon 
states in the phase-damping channel based on the cal- 
culations in Ref. [6|. An arbitrary single-photon state 
characterized by its polarization and frequency spectrum 
can be represented as [6|, 

\^m ^ {a\H) + (3\V)) ^ J du;f{cj)\u;), (1) 

where \H) (\V)) denotes the horizontal (vertical) polar- 
ization state with arbitrary complex amplitudes a and P 
satisfying 



= 1, 



(2) 



and /(lu) is the complex amplitude corresponding to the 
frequency lu, with the normalization condition, 



dco\f{Lu)\^ ^ f dujF{uj)^l, 



(3) 



where we use the notation F{uj) = |/(a;)p. 

Note that for simplicity, polarization and frequency in 
the initial state we considered is not entangled. The 
phase-damping channel in our model is composed of a 
birefringent crystal with a fixed optic axis. Without loss 
of generality, we set the optic axis in horizontal direc- 
tion and assume the horizontally polarized photons travel 
faster than vertically polarized photons, i.e., nn < nv- 
Here nn (ny) is the index of refraction corresponding to 
horizontal (vertical) polarization. Then after the photon 
is transmitted through a birefringent crystal of length /, 
the output state can be expressed as [6|, 



|*(Z)) =a\H) ® / dLj/(w)e*""«'/=|w) 

+ /3|F)® /dtj/(co)e*""^'/^|w). (4) 



Then we can see that polarization and frequency become 
entangled. To obtain the polarization state, we trace over 
the frequency DOF from the density matrix of the output 
state above, resulting in the output state described as 



Pd) 



a*l3T{l) 



a(3*T*{l) 



where 



T{1) = / dwF(w)e■"^'^"'/^ 



(5) 



(6) 



and An = ny — nn- It should be noted that here for 
simplicity we neglect the variation of the refraction index 



with w, since although nn and ny depend on frequency 
tj, the value of An does not vary obviously according to 

LJ. 

From Eq. ((51), we can see T{1) is the Fourier transform 
of Fiuj) up to a constant, which depends on the choice 
of FSE of the photon. As in our decoherence model, the 
crystal length / is proportional to the time t, the function 
of ^{1) given by Eq. ([5]) represents the time correlation 
function in the master equation [3y| . If the function is a 
non-trivial function of length Z, the decoherence is non- 
Markovian, resulting in non-Markovian effects in the evo- 
lution of quantum states. 

To characterize the decoherence of a single-photon 
state we employ the normalized linear entropy (l8[ de- 
fined as Sl (p) = 2 [l - Tr (p2)] (for pure states Sl = 
and for mixed states < Sl ^ !)• Then for the output 
polarization state the linear entropy is given by 



5L(/) = 2[l-Tr 



ip')] 



1-1-^(01' • (7) 



We can see that the function of linear entropy versus 
length of the birefringent crystal depends on the FSE. It 
is necessary to note that if a = or /3 = 0, Sl{1) = in- 
dependent of Z, i.e., decoherence does not occur. That is 
because we set the optic axis horizontal so that the hori- 
zontal and vertical polarization states are not affected in 
such a phase-damping channel. 

From the density matrix form given by Eq. ^, we can 
see that the behavior of the linear entropy is equivalent to 
that of coherence. In the following part we consider some 
choices of FSE and present the behaviors of the linear 
entropy against the crystal length to show the variation 
of coherence. 



A. White spectrum 

We first consider the FSE to be an ideal white spec- 
trum, where F[ui) does not depend on the frequency. In 
this case, it is meaningless to consider the normaliza- 
tion condition given by Eq. ^. Usually, the correlation 
function is assumed to take the form of a delta-function 
|3a . \Sl\ . i.e., T{1) ~ S{1). Therefore, complete decoher- 
ence occurs for any nonzero I. In this context, the deco- 
herence is an ideal Markovian process. 



B. Gaussian spectrum 

Let's then choose the FSE to be a Gaussian form writ- 
ten as 



F(^) 



1 



: exp 



U) — LVq 



\UJ 



(8) 



where ujo is the central frequency and Alu indicates the 
width of the Gaussian envelope. With this FSE, the cor- 



relation function is found to be 

•2 



T{V) — exp 



AnAojl 
2^ 






and therefore, the linear entropy becomes 



^L(0=4|a| = 



1 — exp 



1 f AnAujl 
2 



(9) 



(10) 



We can see that Sl increases Gaussianly and approaches 
to maximum asymptotically. Combining the form of the 
density matrix given by Eq. ([3]), we can conclude that 
coherence vanishes asymptotically. 



C. Lorentzian frequency spectrum 

We then consider a Lorentzian frequency spectrum 
given by 

Au 1 



FH = 



(11) 



TT (Alo)^ + {UJ ~ UJq)'^ ' 

where loq is the central frequency and Auj denotes the 
width of the Lorentzian envelope. Then the correlation 
function can be expressed as 

The linear entropy is therefore 

Sl{1) = 4|ap|^|2 (l - e-2A„A^;/c^ . (13) 

It is clear that coherence decays exponentially and van- 
ishes asymptotically. 



D. Rectangular spectrum 

A rectangular spectrum is assumed to take the form 



where ujq is the central frequency and Aw represents the 
width of the rectangular envelope. The correlation func- 
tion becomes 



J-{1) = sine 



AnAul 



iAnujQl/c 



(15) 



where the function sincx = sina;/a;. Therefore, the linear 
entropy can be expressed as 



SL{l)=Ma\ 



1 



AnAujl\ 



■ 



(16) 



From the above equation and the behavior of the sincx, 
we can infer that Sl gets to maximum periodically with 
a damping decrease. This behavior shows a different de- 
coherence process, i.e., coherence vanishes periodically 
with a damping of its revival amplitude. 



E. Multi-peaked spectrum 

Let's first consider an ideal multi-peaked spectrum, 
called as multi-delta spectrum, described by 



1 ^ 



(17) 



j=i 



where tOj are the peak frequencies. We can see that each 
peak is a delta spectrum and that if A^ — > cxd it is sim- 
ply the comb spectrum. With this FSE, the correlation 
function is found to be 



1 ^ 



ijl/c 



(18) 



i=i 



and the linear entropy is expressed as 



5*^(0 =4|a| 



2|«|2 



1- 



N^ 



N 



E^ 



iAnujjl/c 



(19) 



From the above equation, it is not difficult to infer that 
Sl can osciUate between and 4|ap|/3p (there would be 
some sub- maximum if A" > 2). For simplify, let's ana- 
lyze the case of A^ = 2, and therefore, the linear entropy 
becomes 



SLil)=Ma\ 



1 



cos 



An{uji — 102)1 



2c 



(20) 



The above function shows that Sl oscillates between 
and its maximum. This behavior indicates that coher- 
ence can vanish and revival periodically. 

Actually, in practical experiments, there is no such 
ideal spectrum, and the spectrum form at each peak is 
usually Gaussian, or Lorentzian, or others. Let's first 
take the Gaussian form for an example. For simplicity, 
we again assume that there are two peaks, each of which 
is Gaussian with the same width. The spectrum (called 
as double-Gaussian spectrum) is written as 



F{u;) 



1 



2Aw0r 



exp 



exp 



Auj 



UJ ~ UJ2 



Aa 



(21) 



where wi and uj2 are the two peak frequencies and we 
assume |wi — W2I = 5Auj so that the two peaks can be 
considered absolutely separated. Then we can obtain the 
correlation function as 



^(0 



1 



■ exp 



exp 



AnAul 
f iuJiAnl 



exp 



iuj2Anl 



(22) 




FIG. 1: Linear entropy Sl for the polarization state 
a\H) + l3\V) with a double-Gaussian frequency spectrum, as 
a function of crystal length /, in the case of |ap — 0.1 (dashed 
line), \af = 0.5 (solid line), and \af = 0.8 (dotted line). 
Here \H) {\V)) represents the horizontal (vertical) polariza- 
tion state and \af + |/3p = 1. 
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FIG. 2: Linear entropy Sl for the polarization state 
a\Ii) + l3\V) with a double-Lorentzian frequency spectrum, 
as a function of crystal length I, in the case of \af = 0.1 
(dashed line), \a\ = 0.5 (solid line), and \a\ = 0.8 (dot- 
ted line). Here \H) {\V}) represents the horizontal (vertical) 
polarization state and |ap -I- |/3p = 1. 



and the linear entropy as 

5L(0=4|an/3|2Jl-exp 



1 /AnAujl 

2 [ I 



^cos'M^^lp^i. (23) 

^C I 



The behaviors of Sl against I are plotted in Fig. [l] un- 
der the assumption of AnAuj/c = 500?7i,~^, in the case 
of |ap = 0.1, 0.5, and 0.8. We can see that coherence 
vanishes periodically with damped revival amplitudes. 

Then we consider an example of double-Lorentzian 
spectrum given by 



F{co) 



Abj 



1 



{AujY + {uj - uJiY 
1 
{Aojf + {uj - UJ2Y 



(24) 



where oji and 0^2 are the two peak frequencies and we 
assume |wi — u}2\ = SOAw so that the two peaks can be 
considered absolutely separated. Then the correlation 
function can be obtained 

Til") — _ -AnAujl/c fiAnuJil/c , iAn(jJ2l/c\ (25) 

The linear entropy is therefore 



Sl{1) = 4|a| 



g-2A„A^V^cos2 



An{uji — 102)1 
2^ 



(26) 

Fig. [2] shows the behaviors of Sl against /, under the 
assumption of AnAu/c = 500m~^, in the case of |ap = 
0.1, 0.5, and 0.8. We can see that coherence vanishes 
periodically with damped revival amplitudes. 



III. DECOHERENCE OF TWO-PHOTON 
POLARIZATION STATES 

Our analysises above are straightforward to generalize 
to the decoherence of arbitrary two-photon polarization 
states. However, here we shall only restrict our analysis 
to the initial two-photon state given by Q 



mO))^{a\H),\H)^ + b\V),\V)^) 

duJiduJ2g{u!l,U}2)\i^l)l\0J2)2, 



(27) 



where a and b are arbitrary complex amplitudes satisfy- 
ing 



\b? 



(28) 



and g{cL!i, UJ2) is the complex amplitude corresponding to 
frequencies lui and 0^2 , with the normalization condition, 

/ dujiduj2\g{LUi,LiJ2)\'^ — / dujiduj2G{LUi,u!2) = 1, (29) 

where the notation G(wi, (^2) = \g{uji,u)2)\'^- For simplic- 
ity, we only consider that only the photon in mode 1 is in 
the phase-damping channel the same with that in Sec. HI] 
with the other photon in mode 2 free from decoherence. 
We should note that analogous analysis can be applied 
to the case of both photons suffering in phase-damping 
channels. Therefore, after the photon in mode 1 is trans- 
mitted through a birefringent crystal of length I, the state 
becomes [a| 



iuhI/c 



^luJiUH U C 



\UJl)^\UJ2)2 



mi)) =a\H),\H), 

(g) / diLJi(Lj2g{u)i,LU2)e^' 

+ b\V),\V), 

® /"dc^idw25K,^2)e^"^"^'/"|c^i)i|w2)2- (30) 



Tracing over the frequency DOF from the density ma- 
trix of the output state above, we can get the output 
polarization state described as 



p'(0 = 



where the correlation function is 



|a|2 


ab*g*{l) 














a*bg{l) 


|6p 



(31) 



Q{i) 



/ duJiduJ2G{uJi,UJ2)G 



ituiAnl/c 



(32) 



To quantify the mixedness of the state we use the nor- 
malized linear entropy 18] given by 



SLil)^^[l 



Tr(p'^)] = ol«n^'P 1-1^(01' ■ (33) 



From the density matrix form of Eq. pip , we can see that 
the behavior of Sl can give the variation of coherence. 

To measure the entanglement of a two-photon state p 
we employ the concurrence [1^ [20] , given by 

C(p)=max{o,v/A7- V^- VaI- V^}, (34) 

where Xi are the eigenvalues of p{(jy (g) (Jy)p*{o'y (^ ay), 
in nonincreasing order by magnitude and (Ty — ( T,* ) ■ 
The case of C = means no entanglement between the 
two photons and < C ^ 1 corresponds to the existence 
of entanglement between the two photons. Then for the 
output state described by Eq. (PT|) . the concurrence is 
found to be 



C(0 = 2lall&ll^(/)1 



(35) 



Comparing the Eqs. ^, ^ and §5^ with Eqs. dS]) 
and (O, we can infer that the effects of FSEs on the deco- 
herence of two-photon states would be similar to that on 
the decoherence of single-photon states. It is straightfor- 
ward to study the effects for arbitrary forms oi g(uji,uj2)- 
However, as the purpose of our paper is to show the ef- 
fects of different types of FSE on the evolution of the 
polarization states rather than analyze a specific FSE in 
a practical experiment, it is reasonable to make the fol- 
lowing assumptions. 

We restrict our analysis to the two-photon polarization 
states generated by parametric down-conversion, which 
is widely used in optical experiments. The frequency 
spectrum takes the form [3g] 

g{uji,uj2) = h{uji)h{uj2)ap{ujp)(p{ujp, uji - W2), (36) 

with the frequency-anticorrelated relation ujp ^ lui + 102, 
where h(uji) (^1(^2)) represents the transmission function 
of the optical filter, and ap{ujp) describes the pump field 
spectrum corresponding to the pump frequency Up, and 
ip^ujpytui —L02) is the phase-matching function dependent 
on the size of the non-linear crystal. If the non-linear 



crystal is thin enough, ip{ujp, uji —UJ2) could be neglected. 
We make a further simplification by assuming the band- 
width the pump field is very narrow so that ojp could be 
considered as a constant. We then have a factorizable 
spectrum form 



3(^1,^2) ~ h{uii)h{uj2)- 



(37) 



For an ideal white spectrum, again we take the correla- 
tion function as a delta-function, \.e.,Q{l) ~ 5{l). In this 
context, it is clear that both coherence and concurrence 
vanish for any nonzero Z, showing an ideal Markovian 
decoherence process. 

For color spectrums, by making ]/i(lji)]^ {\h{uj2)\'^) take 
the forms given by Eqs. (jH]), (HI]), ^, ^ and ^ (nor- 
malization constants may be needed to satisfy Eq. ([29])), 
we give some examples as follows, 
a Gaussian spectrum centered at ujp/2: 



G{uji,uj2) «W--— exp 

V TT Aw 



-2 



(jji — ijjp/2 



Au 



X 6{ujp — uJi — UJ2), 



a Lorentzian spectrum centered at ujp/2: 

2 {Alli)^S{llIp — LOi - LO2) 



G{UJI,UJ2) 



TT J(AC^)2 + (wi - Wp/2)2] 

a rectangular spectrum centered at ojp/2: 



G{uJi,UJ2) 



I 1^1 - ujp/2\ > Auj 



(38) 



(39) 



(40) 



a double-Gaussian spectrum centered at {ujp — 5Auj)/2 
and {ojp + 5Auj)/2: 



G{ui,UJ2) 



1 



/2TrAuj 



5{ijjp — uoi~ UJ2) 



X < exp 



-2 



oi — {ujp — bALj)/2 
Auj 



■ exp 



-2 



uji — {ujp + 5Acij)/2 
Auj 



a double-Lorentzian spectrum centered 

{iVp - 30Aw)/2 and (cjp + 30Alu)/2: 



(41) 
at 



^2^-2 



G{uji,uj2) ~ —{Auj)^6{Ljp - wi - LJ2) 

TT 

X { [(Aw)2 + {uji - ujp/2 + IdAujf 

+ [(Aw)2 + {lui - LUp/2 - 15Alu)^] ''^ }. (42) 

Through the analogous analysises in Sec. [TT] we can 
obtain the correlation function 5(1), the linear entropy 
Sl{1) and the concurrence C{1), and investigate the dif- 
ferent decoherence processes. For simplicity, we plotted 
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FIG. 3: (a) Linear entropy Sl{1) (b) Concurrence C{1) of the 
initial polarization state as a function of crystal length I with a 
Gaussian spectrum (dot-dashed line), a Lorentzian spectrum 
(dashed line), a rectangular spectrum (dotted line), a double- 
Gaussian spectrum (thick solid line) and a double-Lorentzian 
spectrum (thin solid line). 



the behaviors of hnear entropy (see Fig. |3(a) ) and con- 
currence (see Fig. |3(b)] ) of the specific initial polarization 
state {\HH) + \VV)) /\/2 against the crystal length / in 
the case of the four FSEs shown above (again we set 
AnAu;/c= 500m-i). 

We can see that coherence and concurrence vanish 
asymptotically in the case of the Gaussian spectrum and 
the Lorentzian spectrum, while vanish periodically with 
damped revival amplitudes in the case of the rectangular 
spectrum, the double-Gaussian spectrum and the double- 
Lorentzian spectrum. 



plicitly, among our examples, against the crystal length, 
coherence was found to vanish asymptotically in the case 
of a Gaussian spectrum and a Lorentzian spectrum, while 
periodically with variable revival amplitudes in the case 
of a rectangular spectrum and a multi-peaked spectrum. 

We would like to discuss the experimental feasibility of 
our results briefly. In our paper, we only gave theoreti- 
cal analysises with several ideal choices of FSE, however, 
analogous analysises can appply to any practical spec- 
trum forms. Furthermore, photons with various FSEs 
have been experimentally realized. The spectrum filter 
usually used may restrict the FSE to a Gaussian form m- 
Quantum dot [sl, SO] and fluorescence [M 113, El, Hi 
based sources may generate photons with a Lorentzian 
spectrum. Keller et al. 45] have demonstrated the pro- 
ductions of Gaussian, rectangular, and double-peaked 
wave functions of photons emitted from Raman pumped 
single ions trapped in a cavity by manipulating the pulse 
pump. The case of Double-Lorentzian functions may find 
possible applications to the case of photonic bandgap. 
There have been a few experimental reports on shap- 
ing wave packets of entangled photons from parametric 
down-conversion [3^, |4^, |43, |4^. Moreover, it should 
be noted that some of us have ever observed the coher- 
ence revivals in the phase-damping channels by restrict- 
ing the photon spectrum using filters with a rectangular 
transmission function (see Appendix in Ref. [49|), and 
that during our preparation of this paper, we became 
aware that, by shaping the spectrum of photons with a 
Fabry-Perot Cavity, coherence revivals of single- and two- 
photon polarization states in the phase-damping channels 
had been observed |50|. 

Besides the Refs. [M El, EJ ill, the spectral influ- 
ences on the photon correlations or fourth-order interfer- 
ence [5l|, Is^, [53, [SJ, I53, [Sal have been extensively stud- 
ied. Recently, the decoherence of photon pairs from para- 
metric down-conversion have been experimentally stud- 
ied and characterized in terms of fluctuations of pump 
laser [53, HI]. Our approach would be possible to find 
applications with these studies. We hope our work can 
stimulate more investigations on the characteristics of 
photon spectrum distributions. For instance, further re- 
sults beyond the studies on polarization mode dispersion 
in optical fibers [59, 60] would be obtained if different 
types of FSE could be considered. 



IV. CONCLUSIONS AND DISCUSSIONS 
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